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Lifts of one-dimensional systems: I. Hyperbolic behaviour

Tore M Jonassen†
Oslo College, Faculty of Engineering, Cort Adelersgt. 30, N-0254 Oslo, Norway

Received 16 May 1996

Abstract. We define then-lift of a one-dimensional systemxi+1 = f (xi). The n-lift can
be thought of as a perturbation of the one-dimensional system depending on the state of the
systemn − 1 time-steps back. We prove that certainf -invariant Cantor sets give invariant
Cantor sets in the lifted system. We prove that iff has an invariant hyperbolic Cantor set then
the lifted system has an invariant hyperbolic Cantor set provided the derivatives off obey a
simple condition. We also prove that hyperbolicity is preserved if the same conditions on the
derivatives off hold.

1. Introduction

This paper is the first of a three-part work on perturbations of one-dimensional discrete
dynamical systems where the perturbation depends on several time-steps back. The first
part is concerned with hyperbolic behaviour.

In this paper we will introduce then-lift of a one-dimensional discrete dynamical system.
In [J] we defined the lift ofk-dimensional dynamical systems ask-parameter families of
systems defined on a phase space of double dimension. Then-lift of a one-dimensional
system will turn out to be a family of systems parameterized by two real parameters and
is dependent on a bounded mapg. The n-lift of a one-dimensional system is defined on
a phase space of dimensionn. The use of the namelift should not be confused with the
lift of a map to the covering space of its target space. Below we will give a short physical
motivation for studying perturbations of this kind.

Consider the one-dimensional system

xi+1 = f (xi)

and a perturbation of this system by

xi+1 = f (xi)+ αg(xi, xi−1, xi−2, . . . , xi−n+2)+ εxi−n+1

whereα andε are small real parameters, and

g : Rn−1 −→ R
is a smooth function. We assume that the functiong has smallC1-size on bounded sets.
Clearly this system is invertible ifε 6= 0, and the smoothness properties depend only on
the smoothness properties off andg. The main purpose of this paper is to show that the
dynamics of the one-dimensional systemxi+1 = f (xi) and the dynamics of the perturbed
systemxi+1 = f (xi) + αg(xi, xi−1, xi−2, . . . , xi−n+2) + εxi−n+1 are closely related with
respect to some properties, ifg has smallC1-size andα andε are small.
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938 T M Jonassen

Dynamical systems of the type

xi+1 = f (xi)+ αg(xi, xi−1, xi−2, . . . , xi−n+2)+ εxi−n+1

arise in many applications, in models in population dynamics, as models for Poincaré maps
for attractors in forced oscillators and in data encoding in signal processing. However, most
authors use well known maps such as the logistic map and the Hénon map in examples.
Here we will outline a possible application for the systems studied in this paper.

Let {si} be a sequence of signals. A sender wants to transmit coded signals to a receiver.
This can be done by coding the signals through a chaotic attractor as

xi+1 = f (xi)+ αg(xi, xi−1, xi−2, . . . , xi−n+2)+ ε(si−n+1)xi−n+1.

The receiver can decode the received signal by applying the inverse map. Examples of this
technique can be found in [E] where the logistic map and the Hénon map is used. During
transmission the coded signals are subject to noise. Numerical experiments done by the
author indicate that the termg(xi, xi−1, xi−2, . . . , xi−n+2) may acts as a filter and reduce the
error in the decoded signal.

Another important application of the systems studied in this paper is in reconstruction
of attractors for systems where the nonlinearity is essentially one-dimensional. Hence it is
of interest to study the mathematical properties of such systems.

Both applications will be discussed in a forthcoming paper.
Let us now introduce the variablesz(j)i = xi−j+1. Hencez(j)i+1 = xi−j+2, so the system

xi+1 = f (xi)+ αg(xi, xi−1, xi−2, . . . , xi−n+2)+ εxi−n+1

takes the form

z
(1)
i+1 = f (z

(1)
i )+ αg(z

(1)
i , z

(2)
i , . . . , z

(n−1)
i )+ εz

(n)
i

z
(2)
i+1 = z

(1)
i

z
(3)
i+1 = z

(2)
i

...

z
(n)

i+1 = z
(n−1)
i .

We write this system as a mappingRn −→ Rn, and hence it takes the form

(x1, x2, x3, . . . , xn) 7→ (f (x1)+ αg(x1, x2, . . . , xn−1)+ εxn, x1, x2, . . . , xn−1).

We will denote this map by

Fα,ε : Rn −→ Rn

or simplyF . As remarked above,F is a diffeomorphism iff andg areC1-maps andε 6= 0.
The main result in this paper is to show a relationship between certainf -invariant sets on
the real line, and certainF -invariant sets inRn. We will show that ifC is anf -invariant
Cantor set on the line such thatf |C is topologically equivalent to a forward shift onc
symbols, then, under suitable conditionsF has anF -invariant Cantor setD such that the
restrictionF |D is topologically equivalent to a full shift onc symbols. We will also give a
simple condition to ensure a hyperbolic structure on the tangent bundle over these sets.

The functiong is used to allow a certain freedom in the perturbation, and the restriction
in the form of the perturbation depending onxn is used to have a contraction forε small,
and to obtain a nice formula for the inverse map.
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2. The n-lift, the simple n-lift and the zero n-lift

We will now define some maps which are useful when studying perturbations of the system
f : R −→ R where the perturbation depends on several earlier states.

Definition. Let f ∈ Cr(R,R) andg ∈ Cr(Rn−1,R) wherer > 1.
The zeron-lift of f is the map

(x1, . . . , xn) 7→ (f (x1), x1, . . . , xn−1).

The simplen-lift of f is the one-parameter family of maps given by

(x1, . . . , xn) 7→ (f (x1)+ εxn, x1, . . . , xn−1).

Any two-parameter family of maps of the form

(x1, . . . , xn) 7→ (f (x1)+ αg(x1, . . . , xn−1)+ εxn, x1, . . . , xn−1)

is called an-lift of f .

Remark. We note that the simplen-lift family contains the zeron-lift with ε = 0, and
that anyn-lift family contains the simplen-lift family with α = 0. The zeron-lift of f
has the same dynamical properties asf . The simple form of the simplen-lift allows us to
relate some of the dynamics of the zeron-lift to the dynamics of the simplen-lift (mostly by
geometrical techniques). Once this is established we can use standard perturbation theorems
for diffeomorphisms to establish the relation to a generaln-lift of f .

3. Simple properties

We will now give some basic properties of then-lifts of f . They are all easily proved by
direct computation or by elementary theorems from calculus, so we omit the proofs here.

Proposition 1. Let g ∈ C1(Rn−1,R) be fixed. Then-lift of f , denoted byF , has the
following properties:

(1) If f ∈ Cr(R,R), g ∈ Cr(Rn−1,R) andε 6= 0 thenF ∈ Diff r (Rn).
(2) The inverse ofF , (ε 6= 0), is given by

(x1, x2, . . . , xn−1, xn) 7→ (x2, x3, . . . , xn, ε
−1(x1 − f (x2)− αg(x2, . . . , xn))).

(3) F has a constant Jacobi determinant given by detDF = (−1)n+1ε.
(4) The characteristic polynomial of thekth iterate of the zeron-lift of f at a point

p = (x1, . . . , xn) is given by

det(λI −DFk(p)) =
(
λ− ∂f k

∂x1
(p)

)
λn−1.

(5) Assumef has a primitivep-periodic hyperbolic orbit{x1, . . . , xp} and that theC1-size
of g is small. Then there exist numbersδ1 > 0 andδ2 > 0 such thatF has ap-periodic
hyperbolic orbit for all|ε| < δ1, |α| < δ2. Furthermore if{x1, . . . , xp} is stable then
the corresponding lifted orbit is stable, and if{x1, . . . , xp} is unstable, andε 6= 0 then
the corresponding lifted orbit is a hyperbolic saddle with a one-dimensional unstable
manifold and a(n− 1)-dimensional stable manifold.



940 T M Jonassen

The zero-lift is given by the formula

(x1, . . . , xn) 7→ (f (x1), x1, . . . , xn−1).

Hence this map eventually forgets its past. We are concerned aboutp-periodic orbits. We
have the following formulae for thep-power of the zero lift.

If p < n

(x1, . . . , xn) 7→ (f p(x1), f
p−1(x1), . . . , f (x1), x1, . . . , xn−p)

while if p > n

(x1, . . . , xn) 7→ (f p(x1), f
p−1(x1), . . . , f

p−n+1(x1)).

Let r be ap-periodic point forf and letq be a correspondingp-periodic point forF0.
Let kp,n be the unique integer such that(kp,n − 1)p < n 6 kp,np. If r is ap-periodic point
for f then it is clearlykp,np-periodic so we may replacep by kp,np (and still denote this
integer byp), and assume that thep-power of the zero-lift has the form

(x1, . . . , xn) 7→ (f p(x1), f
p−1(x1), . . . , f

p−n+1(x1)).

The pointq ∈ Rn is then given by

q = (r, f p−1(r), f p−2(r), . . . , f p−n+1(r))

where we use the convention of choosingr as the first coordinate inq. We see that any
point in the affine-linear subspace of dimensionn− 1, given byx1 = r is mapped toq by
F
p

0 . Hence it acts as a (degenerate) stable manifold forq.
Assume that|Df p(r)| > 1 and letUr ⊂ R be a neighbourhood ofr such that

|Df p(x)| > 1 for all x ∈ Ur . ThenUr is a local unstable manifold forr. Consider
the mapψ : R −→ Rn defined by

ψ(x) = (f p(x), f p−1(x), . . . , f p−n+1(x)).

We claim thatψ(Ur) is a local unstable manifold forq. To see this we first note that
ψ(r) = q, secondly thatFp0 (ψ(Ur)) ⊃ ψ(Ur). The last statement is easily seen from the
fact that image ofRn by Fn0 is contained in a one-dimensional set,f p(r) = r andf p is
expandingUr . Let F̃ p0 denote the restriction ofFp0 to ψ(Ur). It is clear thatF̃−np

0 (s) −→ q

asn → ∞ for all s ∈ ψ(Ur) sincef −np(x) −→ r asn → ∞ for all x ∈ Ur .

4. Homoclinic orbits

We now turn our attention to non-degeneracy homoclinic orbits associated with a hyperbolic
periodic point off . Let r be an unstablep-periodic orbit off , and letUr , ψ and q be
as above. Recall that a homoclinic orbit is defined as an orbit starting inUr hitting r after
a finite number of iterates. The orbit is called non-degenerate if the derivative along this
orbit is non-zero. We will show that non-degenerate homoclinic orbits inf give rise to
transverse homoclinic points in the lift.

Let rh ∈ Ur and let{rh, f (rh), . . . , f h(rh) = r} be a non-degenerate homoclinic orbit
for f associated with the periodic pointp, i.e.

h∏
i=0

Df (f i(rh)) 6= 0.
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Consider an open neighbourhoodUrh ⊂ Ur of rh. Then by the non-degeneracy condition
above, we havef h(Urh) ⊃ Wr , whereWr ⊂ Ur is some local unstable manifold ofr. Now
let

qh = (rh, f
p−1(rh), . . . , f

p−n+1(rh)).

Thenqh ∈ ψ(Ur), andFh0 (qh) = q. To see this we simply note that

Fh0 (qh) = (f h(f p(rh)), f
h(f p−1(rh)), . . . , f

h(f p−n+1(rh)))

= (f p(f h(rh)), f
p−1(f h(rh)), . . . , f

p−n+1(f h(rh)))

= (r, f p−1(r), f p−2(r), . . . , f p−n+1(r)) = q.

Now qh ∈ ψ(Urh) ⊂ ψ(Ur) and Fh0 (ψ(Urh) ⊃ ψ(Wr). Let Ws
loc(F

p

0 , q) denote the
(degenerate) local stable manifold atq. This is a (n − 1)-dimensional disc with centre
in q and the first coordinate equal tor. Since|Df p(r)| 6= 0, the tangent space ofψ(Wr)

has a non-zero first coordinate, and hence we have a transverse intersection ofFh(ψ(Urh))

andWs
loc(F

p

0 , q) at q.
Let g ∈ C1(Rn−1,R) be fixed. Irwin’s proof [PM] of the local stable manifold theorem

produces a local stable manifold at a periodic point and depends only on forward iterates of
the map. Hence it applies in the non-invertible case to produce a local stable manifold. The
proof of the (un)stable manifold theorem using the nonlinear graph transform [Sh] produces
a local unstable manifold at a periodic point, and depends only on forward iterates of the
map. Hence it applies to the non-invertible case also. The mapsF0 andFα,ε are close in
theC1-topology on any compact set for anyg with smallC1-size if the real numbersα and
ε are close to zero. By invariant manifold theory [PM] we know that ifD is an embedded
disc in the unstable manifold and this disc contains the periodic point, then we may perturb
the system such that the corresponding invariant manifold of the perturbed system contains
a discD̃ that isC1-close toD. The zero-lift has a transverse intersection atq, and hence
a small perturbation of the zero-lift has a transverse intersection close toq.

We have now proved the first part of the following theorem.

Theorem 1. Assume thatf : R −→ R has a non-degenerate homoclinic orbit associated
with an unstablep-periodic orbit, and letg ∈ C1(Rn−1,R) be fixed. Assume that the
C1-size ofg is small. Then there exist numbersδ1 > 0 andδ2 > 0 such that then-lift of
f has a transverse homoclinic point for all|α| < δ1 and 0< |ε| < δ2. In particular, a non-
degenerate homoclinic orbit forf implies that then-lift of f has an invariant hyperbolic set
3 containing the periodic orbit and the transverse homoclinic point such that the restriction
of the lift to 3 is topologically equivalent to a sub-shift on finitely many symbols.

Proof. The first part is already proven. The second part can be proved simply by applying
the Smale–Birkhoff theorem to our situation [GMN]. �

5. Invariant Cantor sets

We will now assume thatf : I −→ I has an invariant Cantor setC, such that the action
of f onC is chaotic (in the sense described below), and such thatC admits a construction
of the following type.

Let C0 = [ζ0, ζc] be the minimal closed interval containingC (here minimal is with
respect to inclusion), where we assumef has the following properties.

We assumef hasc− 1, (c > 2), critical points, denoted byζ1, . . . , ζc−1, in the interior,
ordered by index, such thatζi < ζi+1. Furthermore we assume thatf is monotone on
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each lapLi = [ζi−1, ζi ], i = 1, . . . , c, and that the critical values do not belong toC0, i.e.
f (ζi) 6∈ C0 for i = 1, . . . , c − 1, sof (Li) ⊃ C0.

We assume that the Cantor setC is the intersection over all its generations, denoted by
Cn:

C =
⋂
n>0

Cn

where

Cn = f −n(C0) ∩ f −(n−1)(C0) ∩ · · · ∩ f −1(C0) ∩ C0

where eachCn is a disjoint union ofcn closed intervalsIj1···jn

Cn =
⋃
Ij1···jn

where jk ∈ {1, . . . , c}, and where the indices are chosen such thatx ∈ Ij1···jn implies
f (x) ∈ Ij2···jn . Furthermore, we assume that the Lebesgue measure,µ(C), of C is zero

lim
n→∞µ(Cn) = lim

n→∞µ
(⋃

Ij1···jn
)

= lim
n→∞

∑
µ(Ij1···jn ) = 0.

In particular each nested sequence of closed intervals converges to a unique point inC:

Ij1 ⊃ Ij1j2 ⊃ · · · ⊃ Ij1···jn ⊃ · · · ⊃ {xj }
wherej = j1j2j3 · · · jn · · · is the unique address ofxj ∈ C.

Let h : C −→ 6+
c denote the address homeomorphismxj 7→ j , where6+

c is the space
of all sequences onc symbols equipped with the metric

d(i, j) =
∞∑
n=1

δ(in, jn)

2n
.

Hence our assumptions imply thatf : C −→ C is chaotic in the sense of being topologically
conjugate to a forward shift onc symbols:

C
f−−−−→ C

h

y yh
6+
c −−−−→

σ
6+
c

whereσ is the shift map on6+
c .

We remark that we do not assume thatf acts hyperbolically onC, i.e. |Df (x)| > 1 for
all x ∈ C. However, we assume that|Df (ζi)| > 1 for i = 0, c, to avoid the problem of
one-sided stability of fixed points or period-two points at{ζ0, ζc}.

Let us now turn to the construction of an invariant set for the simplen-lift assuming
thatf has an invariant set as described above. We will need some simple consequences of
our assumptions. All of them can be trivially proved, so we omit the proofs, and collect
the properties in a lemma.

Lemma 1. Assume thatf , C andC0 are as described in the text above.

(1) There exists a numberδ0 > 0 such that

min
16i6c−1

d(f (ζi), C0) = δ0.

Hered denote the usual distance inR.
(2) The boundary ofC0 is invariant,f ({ζ0, ζc}) ⊂ {ζ0, ζc}.
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(3) There exist a positive numberδ1 > 0 such that one of the following is true for all
0 < δ < δ1 (case (i) and (ii) can occur only ifc − 1 is odd, and case (iii) and (iv) can
occur only if c − 1 is even):
(i) f (ζ0) = f (ζc) = ζ0 with f (ζ0 − δ) < ζ0 − δ andf (ζc + δ) < ζ0 − δ.
(ii) f (ζ0) = f (ζc) = ζc with f (ζ0 − δ) > ζc + δ andf (ζc + δ) > ζc + δ.
(iii) f (ζ0) = ζ0 andf (ζc) = ζc with f (ζ0 − δ) < ζ0 − δ andf (ζc + δ) > ζc + δ.
(iv) f (ζ0) = ζc andf (ζc) = ζ0 with f (ζ0 − δ) > ζc + δ andf (ζc + δ) < ζ0 − δ.

Chooseδ > 0 such thatδ < min{δ0, δ1}, whereδ0 andδ1 are given in lemma 1. Thisδ
will be kept fixed.

Let C(δ) = [ζ0 − δ, ζc + δ]. Assume, for simplicity, thatf has a single critical
point ζ1 and that case (3) (i) in lemma 1 holds. Then there exists aεδ > 0 such that
f (ζ0 − δ)+ εt < ζ0 − δ, f (ζ1)+ εt > ζc + δ andf (ζc + δ)+ εt < ζ0 − δ for all t ∈ C(δ)
and all ε such that|ε| < εδ. Clearly similar statements hold for the other cases in (3) in
lemma 1 with any finite number off -critical points. We will assume 0< |ε| < εδ in what
follows.

Let

M0(δ) =
n times︷ ︸︸ ︷

C(δ)× · · · × C(δ) .

The setM0(δ) is then-dimensional analogue ofC(δ) and will contain theFε-invariant set.
The boundary ofM0(δ) consists of the faces ofM0(δ), denoted byKj

i (δ), i = 1, . . . , n,
j = 0, 1. Hence we write

∂M0(δ) =
⋃

16i6n
j=0,1

K
j

i (δ)

wherexi = ζ0−δ in K0
i (δ) andxi = ζc+δ in K1

i (δ). ClearlyKj

i (δ) is a(n−1)-dimensional
cube. In what follows we will omit the explicit reference toδ in objects depending onδ.

Claim 1. Fε(K
j

1 ) ∩M0 = ∅.

Claim 2. Fε(M0) ∩Kj

1 = L
j

1 ∪ · · · ∪ Ljc whereLjk ∩ Ljl = ∅ if k 6= j . The dimension of
L
j

k is n− 1.

Claim 3.

Fε(M0) ∩M0 =
⋃

16i06c
Ni0

whereNi ∩ Nj = ∅ if i 6= j . The dimension ofNi is n, and the setsLji are parts of their
boundaries.

Proof of claim 1. The numberεδ is chosen such that the first component ofFε(K
j

1 ) does
not intersectC(δ). Hence the claim follows. �
Proof of claims 2 and 3. The intersections of the image ofM0 by Kj

1 are determined
by the equationsf (x1) + εxn = ζ0 − δ and f (x1) + εxn = ζc + δ. There exist 2c
intervalsQ1,Q2, . . . ,Q2c ⊂ C(δ) such that ifx1 ∈ Qi then we can find axn ∈ C(δ)

such that one of the above equations holds. Furthermore, by our choice ofδ we see that
ζ0 − δ, ζ1, . . . , ζc + δ 6∈ Qi for i = 1, . . . ,2c. Hence claim 2 is proved. LetJi ⊂ C(δ),
j = 1, . . . , c + 1 denote the intervals such that ifx1 ∈ Ji thenf (x1)+ εxn 6∈ C(δ) for any
xn ∈ C(δ), and letPi ⊂ C(δ), i = 1, . . . , c, denote the remaining parts ofC(δ), i.e.

P1 ∪ · · · ∪ Pc = C(δ) \
((⋃

Qi

)
∪

(⋃
Jk

))
.
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Clearly the setsPi corresponds to certain inner points inFε(M0) ∩ M0, andQi to cubes
intersecting the boundary ofM0. �
Theorem 2. Assumef : R −→ R has an invariant Cantor set, as described in the text
above, on whichf is conjugate to a forward shift onc symbols. Then the simplen-lift of
f has an invariant set such thatFε is conjugate to a full shift onc symbols providedε is
small enough and different from zero.

Proof. We define setsMk andM−k inductively by

Mk = Fε(Mk−1) ∩M0 and M−k = F−1
ε (M−k+1) ∩M0 for k > 1.

SinceFε is a diffeomorphism we see that

Mk = Fkε (M0) ∩ Fk−1
ε (M0) ∩ . . . ∩ Fε(M0) ∩M0

M−k = F−k
ε (M0) ∩ F−k+1

ε (M0) ∩ . . . ∩ F−1
ε (M0) ∩M0

for k > 1. HenceMk ⊂ Mk−1 andM−k ⊂ M−k+1.
Let 1 6 l 6 k. Then

F lε (M−k) = F lε
(
F−k
ε (M0) ∩ F−k+1

ε (M0) ∩ . . . ∩ F−1
ε (M0) ∩M0

)
= F−k+l

ε (M0) ∩ . . . ∩ F−1
ε (M0) ∩M0 ∩ Fε(M0) ∩ . . . ∩ F lε (M0)

= Ml−k ∩Ml.

Similarly, F−l(Mk) = Mk−l ∩M−l .
Let #M denote the number of connected components of a setM ⊂ Rn. Note that if

Mk 6= ∅ with #Mk = ck thenMk−l ∩ M−l 6= ∅ with #(Mk−l ∩ M−l) = ck, and similar
if M−k 6= ∅ with #M−k = ck thenMl−k ∩ Ml 6= ∅ with #(Ml−k ∩ Ml) = ck, where the
number of components is independent ofl when 16 l 6 k. In particular, ifMl 6= ∅ with
#Ml = c|l| for all l ∈ Z, thenMk ∩M−k 6= ∅ with #(Mk ∩M−k) = c2k for all k > 0.

SinceFε is a diffeomorphism then by constructionMl is closed for alll ∈ Z. Assume
in what follows thatMl 6= ∅ for all l ∈ Z. Let 3k = Mk ∩M−k and let

3 =
⋂
k>0

3k.

We see that

3k = Mk ∩M−k ⊂ Mk−1 ∩M−k+1 = 3k−1

so3 is a nested intersection of closed decreasing non-empty sets, and hence3 is non-empty
and closed. Clearly3 is Fε-invariant.

Let p = (x1, x2, . . . , xn), and letAi , i = 1, 2, . . . , c, be the sets

Ai = {p ∈ M0 : ζi−1 < x1 < ζi} where i = 1, 2, . . . , c.

We note thatM1 = Fε(M0) ∩M0 ⊂ ∪Ai . The addressof a pointx ∈ Mk is the sequence
j0j1j2 · · · jk−1 of length k whereji = l if F iε (x) ∈ Ll . The address is well defined since
F iε (x) ∈ M1 for i = 0, 1, . . . , k − 1.

Now F lε (M−k) = Ml−k ∩Ml ⊂ M1 if 1 6 l 6 k. The addressof a pointx ∈ Mk is the
sequencej−kj−k+1 · · · j−1 wherej−l = i if F l(x) ∈ Ai .

The addressof x ∈ M−k ∩Mk is given by the sequence

j−kj−k+1 · · · j−1j0j1j2 · · · jk−1.

The addresses of two distinct pointsx, y belonging to the same connected component in
M−k ∩ Mk are clearly equal; however, ifx, y belongs to different components they have
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different addresses. Hence each connected component ofM−k ∩Mk is uniquely coded by
a sequence of length 2k of c different symbols.

If every connected component ofM−k ∩Mk converges to a point ask → ∞, then we
have the commutative diagram

3
Fε−−−−→ 3

h

y yh
6c

σ−−−−→ 6c

where6c denotes the space of bi-infinite sequences onc symbols equipped with its usual
metric,σ is the shift-map andh is a homeomorphism.

We note that ifMk 6= ∅ with #Mk = ck for k > 1 thenM−k 6= ∅ with #M−k = ck

sinceF−k
ε (Mk) = M−k. We claim thatMk 6= ∅ with #Mk = ck for all k > 0, and will

prove this by induction.
AssumeMk−1 is a disjoint union ofck−1 n-dimensional cubes such that each cube in

this union intersectsKj

1 , j = 0, 1 in (n − 1)-dimensional cubes. LetM denote one cube
in this union. By the same argument as in the proofs of claims 1–3 above we see that
Fε(M) ∩ M0 is a disjoint union ofc n-dimensional cubes such that each cube intersects
K
j

1 , j = 0, 1, in (n− 1)-dimensional cubes. HenceMk = Fε(Mk−1) ∩M0 has the desired
properties, and sinceM0 has these properties the claim follows by induction.

It remains to prove that every connected component inMk ∩M−k converges to a point
ask → ∞.

We claim that each connected component ofMk converges to a curve with endpoints
in K0

1 andK1
1 as k → ∞. Let K∗

1 denote the(n − 1)-dimensional cube inM0 defined
by a constant first component,x1 = x∗, whereζ0 − δ 6 x∗ 6 ζ + δ, and letM denote a
connected component inMk. We will prove thatM ∩K∗

1 converges to a point ask → ∞.
This will indeed prove the claim.

Consider first a component inM1 and its intersection with the(x2, x3)-plane in the cube
K∗

1 defined above. The indices refer to the coordinates inRn. The intersection is determined
by the equationx∗ = f (x1)+ εxn, and there is a unique intervalQ∗ of x1-values such that
there is axn ∈ C(δ) for which this equation holds. Letq∗

1 denote the length ofQ∗, and lets
denote the length ofC(δ). By using the mean value of the derivative off over the interval
Ij in the one-dimensional system, whereij is the interval corresponding toM∗ we find that
q∗

1 ≈ εµ(Ij ). HenceM ∩K∗
1 is approximately a(n− 1)-dimensional cube with the length

of one side equal toεµ(Ij ) and the length of the other sides equal tos. The total volume is
therefor approximatelyq∗

1c
n−2. On the next iterate the side of lengthq1 is mapped tox3 and

hence the second generation components are approximately cubes with two sides equal to
q1 andn− 3 sides equal toc. After n− 1 iterations the(n− 1)th generation of components
are approximately cubes with all sides equal toq1. On then-iterate we must modify the
intervalQ∗

old to Q∗
new because the intersection equation is now given byx∗ = f (x1)+ εxn

where xn ∈ Q∗
old, and not inC(δ) as on earlier iterates, and we find that the length of

Q∗
new is approximatelyq∗

2 = εµ(Ij1j2) where Ij1j2 is the corresponding component of the
one-dimensional Cantor set. By continuing this process we clearly obtain cubes converging
to a point sinceµ(Ij1j2···jl ) → 0 asl → ∞ by assumption. This proves the claim.

We will also need to control the size of the connected components inM
k
. We claim

that the connected components ofM−k converge to cubes of dimensionn− 1 transverse to
the Cantor set of curves in∩Mk. From the formula for the inverse map

(x1, x2, . . . , xn) 7→ (x2, x3, . . . , xn, ε
−1(x1 − f (x2)))
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we see that the intersection equation can now be written asx∗
n = ε−1(x1 − f (x2)), i.e.

x1 = f (x2)+ εx∗
n . The set of usefulx2-values at a connected component inM−k then has,

clearly, length close toµ(Ij1...jk ), whereIj1...jk is the interval corresponding to the component
in question. Ask → ∞ the set of usefulx2-values converges to a Cantor set, and since
these points are copied into the first component of the image, and all other components
ranges all overC(δ) we have proved the claim. �
Corollary 1. Assumef : R −→ R has an invariant Cantor set, as described in the text
above, on whichf is conjugate to a forward shift onc symbols. Then then-lift of f has an
invariant set such thatFε is conjugate to a full shift onc symbols provided that theC1-size
of g, α andε is small enough andε is different from zero.

Proof. A modified version of the arguments in the proof of theorem 2 applies. �

6. Hyperbolic structures

Proposition 2. Let F = Fε0 be a simplen-lift of f . Suppose3ε0 is a compactF -invariant
set. Letp = (x1, . . . , xn) ∈ 3. If |Df (x1)| >

√
2 for all p ∈ 3 then the tangent bundle

T3ε0 R
n has a hyperbolic structure providedε0 is small enough.

Proof. Let ξ ∈ TpRn with usual coordinatesξ = (ξ1, . . . , ξn) such that the tangent map of
the simplen-lift is given by

DFε(p) =



q 0 0 · · · 0 ε

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...

0 0 0 · · · 1 0


whereq = Df (x1). ThenDFε(p)ξ = (qξ1 + εξn, ξ1, . . . , ξn−1). Let Cp ⊂ TpRn be the
cone

Cp =
{
ξ ∈ TpRn : ξ2

1 >

n∑
k=2

ξ2
k

}
and letτ denote the constant field of conesp 7→ Cp. Sinceτ is constant we omit the base
point p in Cp and writeC = Cp. If q2 > 2 thenq2 − 2|qε| > 2 for smallε. We will first
prove thatτ is DFε-invariant, i.e.DFε(p)C ⊂ C. A simple computation show that

(qξ1 + εξn)
2 > q2ξ2

1 − 2|qε||ξ1||ξn| > (q2 − 2|qε|)ξ2
1 > 2ξ2

1 >

n∑
k=1

ξ2
k >

n−1∑
k=1

ξ2
k

and proves theDFε-invariance ofτ . By the same argument we get thatDFε is an expansion
on C:

‖DFε(p)ξ‖2 = (qξ1 + εξn)
2 +

n−1∑
k=1

ξ2
k > 2ξ2

1 +
n−1∑
k=1

ξ2
k >

n∑
k=1

ξ2
k = ‖ξ‖2.

A simple computation shows that

DF−n+1
ε (p) =



0 0 0 · · · 0 1

ε−1 −ε−1q1 0 · · · 0 0

0 ε−1 −ε−1q2 · · · 0 0
...

...

0 0 0 · · · ε−1 −ε−1qn−1
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where theqi , i = 1, . . . , n− 1, are the derivatives off evaluated along the orbit. Hence

DF−n+1
ε (p)ξ = (ξn, ε

−1(ξ1 − q1ξ2), . . . , ε
−1(ξn−1 − q1ξn)).

We claim thatDF−n+1
ε (p) is an expansion onTpRn \ C. To see this let us define singular

slicesPi , i = 1, . . . , n− 1, by

Pi = {ξ ∈ TpRn : −|ε| 6 ξi − qiξi+1 6 |ε|}.
Let Sn−1 denote the unit sphere inTpRn. We define singular setsSi , i = 1, . . . , n− 1, on
Sn−1 by Si = Sn−1 ∩ Pi . We claim that

S =
n−1⋂
i=1

Si ⊂ Sn−1 ∩ C.

To see this we consider the middle hyperplanes of the singular slices given byξi+1 = q−1ξi ,
i = 1, 2, . . . , n− 1, and note thatξi = q−1

1 q−1
2 · · · q−1

i−1ξ1, i = 2, . . . , n, with

n∑
i=1

ξ2
i =

(
1 +

n−1∑
k=1

k∏
i=1

q−2
i

)
ξ2

1 = 1.

Hence

ξ2
1 = 1

/(
1 +

n−1∑
k=1

k∏
i=1

q−2
i

)
.

Clearly ξ ∈ Sn−1 ∩ C if and only if ξ2
1 >

1
2, and since|qi | >

√
2 we find

n−1∑
k=1

k∏
i=1

q−2
i <

n−1∑
k=1

k∏
i=1

2−1 =
n−1∑
k=1

2−k < 1.

Hence the intersection of the middle singular hyperplanes is contained inSn−1 ∩C, and by
continuity

S =
n−1⋂
i=1

Si ⊂ Sn−1 ∩ C

if |ε| is small. This proves thatDF−n+1
ε (p) is an expansion onTpRn \C since at least one

of the termsε−2(ξi−qiξi+1)
2 > 1 in ‖DF−n+1

ε (p)ξ‖ if ξ ∈ Sn−1\C by the argument above.
Hence‖DF−n+1

ε (p)ξ‖ > ‖ξ‖. Henceτ satisfies theorem 2.2 of [GMN], and establishes a
hyperbolic structure for the simplen-lift of f . �

The last theorem extends by the stability theorem for hyperbolic sets ton-lifts of f
where the perturbation termg has smallC1-size.

Theorem 3. Let F = Fε0 be a simplen-lift of f . Suppose3ε0 is a compactF -invariant
set. Letp = (x1, . . . , xn), U an open neighbourhood of3ε0 andFα,ε an n-lift of f such
that the perturbation termg has smallC1-size. If |Df (x1)| >

√
2 for all p ∈ U then there

exist numbersδi > 0 i = 1, 2 such thatFα,ε has a hyperbolic invariant set3α,ε ⊂ U for all
ε with |ε − ε0| < δ1 and |α| < δ2. Furthermore, the dynamics on these sets are equivalent
in the sense that the restriction to the invariant sets are all topologically conjugate.

Proof. By proposition 2 theF0,ε-invariant set3ε0 has a hyperbolic structure. Hence the
theorem follows from the stability theorem for hyperbolic sets [Nit]. �
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